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1 ) Anomalous magnetic moment of the muon in the Standard Model
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@ Standard model prediction and current deviation :

a,.10° da,.10"°
EXPERIMENT : 11659208.9 6.3
STANDARD MODEL : 11659180.2 4.9

QED | 11658471.8951 0.0080
EW 15.4 0.1
QCD HVP,LO 692.3 4.2 (ete™ decay datas)
QCD { QCD HVP,HO -0.84 0.07
QCD LbL 10.5 2.6 (estimation)

DEVIATION 28.7 8.0 =3.60
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= Can Lattice QCD help?
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2) al/"PL9 from Lattice QCD
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., on the lattice: general approach (T.Blum 2003)

Compute aﬁVP’LO in Lattice QCD directly with Euclidean momenta :
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., on the lattice: general approach (T.Blum 2003)

HVP,LO

Compute aj, in Lattice QCD directly with Euclidean momenta :
e With J, := EM-current :
Ma(Q) = 3 (Jux) 4 (0)) ' J
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., on the lattice: general approach (T.Blum 2003)

Compute aZ’VP’LO in Lattice QCD directly with Euclidean momenta :
e With J, := EM-current :
Man(Q) = D () 4(0)) ¥ J
o If (Euclidean) Lorentz violations neglected :
M (Q)
M Q2 _ (2
( ) Q'LL Qy — 6#1/02 J
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., on the lattice: general approach (T.Blum 2003)

Compute aZ’VP’LO in Lattice QCD directly with Euclidean momenta :
e With J, := EM-current :
(@) = Y (Ju(x) 4 (0))e™ J
o If (Euclidean) Lorentz violations neglected :
M (Q)
M Q2 _ (2
( ) Q'LL Qy — 6#1/02 J
@ Subtraction :
f(@2) = N(Q?) — N(0) ]
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., on the lattice: general approach (T.Blum 2003)

Compute aZ’VP’LO in Lattice QCD directly with Euclidean momenta :

e With J, := EM-current :

(@) = Y (Ju(x) 4 (0))e™ J
o If (Euclidean) Lorentz violations neglected :
M (Q)
(02 — 1
(Q ) QyQy_(sﬂuQ2 J
@ Subtraction :
f(@2) = N(Q?) — N(0) ]
o Integration with known QED kernel wp :
a2 [ A
BZIVP’LO _ (;) A dQ2WI_I(QZ)I—I(QZ) J
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he small Q? challenge

Compute aZ’VP’LO in Lattice QCD directly with Euclidean momenta :

e With J, := EM-current :

Ma(Q) = D (Ju(x) 4 (0)) '™ J
o If (Euclidean) Lorentz violations neglected :
M.(Q) M.(0) 0
n(Q?) = — —wAX) neo) = —\2)  Z99
(@)= g —NO =20 J
@ Subtraction :
f(@2) = N(Q?) — N(0) ]
o Integration with QED kernel wp :
a\2 [ A
aZ’VP’LO _ (;) /0 dQ2WI_I(QZ)I—I(QZ) J
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he small Q? challenge

Compute aZ’VP’LO in Lattice QCD directly with Euclidean momenta :

e With J, := EM-current :

Ma(Q) = D (Ju(x) 4 (0)) '™ J
o If (Euclidean) Lorentz violations neglected :
M. (Q) M.(0) 0
nQe?) =—-—*~ _ —T1(0)=—* ~ =177
@ Subtraction :
f1(Q2) = N(Q?)—M(0) <= fit extrapolation ]
o Integration with QED kernel wp :
HVP,LO_Q2 < a2 2\A1( A2
#1740 = (2)" [ dePun(@®)f1(@?) J
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he small Q? challenge

Compute aZ’VP’LO in Lattice QCD directly with Euclidean momenta :

e With J, := EM-current :

Mu(Q) = D (Ju(x)4,(0))e®™ J
o If (Euclidean) Lorentz violations neglected :
2y M _ Nw(0) NQ
@)= g ge = NO) ==~ g7 J
@ Subtraction :
N(Q?) = N(Q?)—N(0) <= fit extrapolation J

o Integration with QED kernel wp : < divergent in Q> =0

P10 = (2)7 [ dQPun(@)(Q?) <= peak at @ ~ Q10 J

™ 0

Rehan Malak Budapest-Marseille-Wuppertal Collaboration (g — .'. L



Small @2 solutions

o Extrapolate from @2, with pole dominance type model and hope for
the best (most early work)

2

@ Implement twisted boundary conditions to go to lower Q<. and

extrapolate (Sachrajda et al 2004, Jager et al 2010)

e Compute I1(0) directly using momentum expansion of quark
propagators (de Divitiis et al 2012)

o Use Padés to extrapolate M(Q?) to small Q2 (Golterman et al 2013)

e E =0 time moments of I, (t, 5 = 0) to fix coefficents of Padés
(Davies et al 2014)

o Moment analysis of M(Q?) (de Rafael 2014)

@ Here consider momentum derivatives of correlation functions in
Fourier space (Lellouch et al 1995)

All solutions have specific systematic errors which have yet to be
understood.
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3 ) Momentum derivatives of correlation functions in Fourier space
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he benefits of derivatives

M (Q) = (QuQr — 8, Q*)N(Q?)
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he benefits of derivatives

M (Q) = (QuQr — 8, Q*)N(Q?)

_0M12(Q)
=10 = %5600,

Q=0
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he benefits of derivatives

M (Q) = (QuQr — 8, Q*)N(Q?)

_0M12(Q)
=10 = %5600,

Q=0
Can be generalized to all Q% = consider 9,9,M,,,(Q).

Rehan Malak Budapest-Marseille-Wuppertal Collaboration



he benefits of derivatives

M (Q) = (QuQr — 8, Q*)N(Q?)

_0M12(Q)
=10 = %5600,

Q=0
Can be generalized to all Q% = consider 9,9,M,,,(Q).

= Direct computation of M(Q?) :
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he benefits of derivatives

M (Q) = (QuQr — 8, Q*)N(Q?)

_0M1(Q)
=10 = %5600,

Q=0
Can be generalized to all Q% = consider 9,9,M,,,(Q).

= Direct computation of M(Q?) :

2 7'& v, a,uaun;w(Qu =0 ) Qy = 0) = n(Q2) J

Rehan Malak Budapest-Marseille-Wuppertal Collaboration



he benefits of derivatives

M (Q) = (QuQr — 8, Q*)N(Q?)

_0M1(Q)
=10 = %5600,

Q=0
Can be generalized to all Q% = consider 9,9,M,,,(Q).

= Direct computation of M(Q?) :

2 7'& v, a,uaun;w(Qu =0 ) Qy = 0) = n(Q2) J

= Direct computation of the Adler function :
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he benefits of derivatives

M (Q) = (QuQr — 8, Q*)N(Q?)

92MN12(Q)

=10 = %5600,

Q=0
Can be generalized to all Q% = consider 9,9,M,,,(Q).

= Direct computation of M(Q?) :

p#v, 9,0,Nu(Q,=0, Q =0)=N(Q%

= Direct computation of the Adler function :

9,0,M,(Q, = 0) = 2@ —T(Q?) = —2 A(Q?)

802
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Derivative from moments in Fourier space

Derivative can be computed as moments in Fourier space, e.g.:

8o'apn“l/(Q) - — ZXO'XprI,LLV(X)eiQX

= because higher moments emphasize large distances more, expect
enhanced FV effects.

Implementation :
=- spatial derivatives in Fourier space in simulation code
= big outputs(NetCDF binary format) :

32indices combinations x #momenta

= temporal Fourier derivatives transform in analysis code
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4 ) Results
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BMWoc implementation

Hadronic vacuum polarization tensor : v
M Q)= 2v 3 (00 (y)e @2
%sin(?) X
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BMWoc implementation

Hadronic vacuum polarization tensor : v
M Q)= 2v 3 (00 (y)e @2
%sin(?) X

@ local current at the source :

I (y) = D(y) 1 (y)
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BMWoc implementation

Hadronic vacuum polarization tensor : v
M Q)= 2v 3 (00 (y)e @2
%sin(?) X

@ local current at the source :

I (y) = D(y) 1 (y)

@ conserved current at the sink :

Ji(x) = %{&(Haﬂ)(lﬂu)U,E(x)w(x)—zﬁ(x)(l—vﬂ)U#(x)w(x+am}
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B

MWoc implementation

Hadronic vacuum polarization tensor : v
M Q)= 2v 3 (00 (y)e @2
%sin(?) X o

@ local current at the source :

I (y) = D(y) 1 (y)

@ conserved current at the sink :

1, - -
() = S (x+an) (147 UL ()9 () =0 () (1) Un(x) (x-+a) }
@ currently only connected components :
(S,u(xvy) = U,U«(X)S(X + a/-,lay))

(JE(x) I (y)) ~ %Trsc{su(xa)/)%VSST(XaY)VS(l =)}

1
— 5 Trae{ S0, ¥ )35 Sh 0 y)s(1 + 7))
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raditional method vs derivative method

T x [3=48x48% a=0.116fm M, = 150MeV 260conf. x 64meas.
Fitting function : f(x) = A-x.Pade[1,1](x) with x=@?

~0.06f
g L
-0.07F
-0.08F
-0.09F
-0.1F
-0.11fF
-0.12F

-0.13F

-0.14F

—— light - traditional
-0.15F e strange - traditional]
AT TEFIFIF EPENIPEPE EPEPEPEPE EEPEPEPI EPUPEP BRI
=0 0.05 0.1 0.15 0.2 0.25 03
(aq)

= traditional : a " "0 = 6.79(13) x 1078 y2/dof = 4.5/10 (light)
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raditional method vs derivative method

T x [3=48x48% a=0.116fm M, = 150MeV 260conf. x 64meas.
Fitting function : f(x) = A-x.Pade[1,1](x) with x=@?

—~0.06f
S

=

-0.07F
-0.08F
E =

-0.09F
o1
-0.112
-0.12
-0.13

-0.14F/

-0.15F

-015:"" NPT TS PRI BT PR
=20 0.05 0.1 0.15 0.2 0.25 0.3

(aq)y®
= traditional : a " "0 = 6.79(13) x 1078 y2/dof = 4.5/10 (light)
= derivative : ay "1 "0 = 6.58(22) x 1078 y2/dof = 3.8/6 (light)
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Padé fits in light sector, low Q2 and systematics

T x [3=48x48% a=0.116fm M, = 150MeV 260conf. x 64meas.
Fitting function : f(x) = A-x.Pade[0,1](x) with x=Q?

—~0.13
o

-0.14]

0.145"

—— light - traditional

-0.15p~

—— light - with derivative

A SOOI 0 D
aq

= traditional : x2/dof = 40.3/11 (light)

= derivative : x?/dof = 6.7/7 (light)
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Padé fits in light sector, low Q2 and systematics

T x [3=48x48% a=0.116fm M, = 150MeV 260conf. x 64meas.
Fitting function : f(x) = A-x.Pade[0,2](x) with x=Q?

—~0.13
o

-0.14]

0.1451-

—— light - traditional

-0.15p~

—— light - with derivative

A SOOI 0 D
aq

= traditional : x?/dof =5.0/10 (light)

= derivative : x?/dof = 3.8/6 (light)
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Padé fits in light sector, low Q2 and systematics

T x [3=48x48% a=0.116fm M, = 150MeV 260conf. x 64meas.
Fitting function : f(x) = A-x.Pade[1,1](x) with x=@Q?

—~0.13
o

-0.14]

0.1451-

—— light - traditional

-0.15p~

—— light - with derivative

A SOOI 0 D
aq

= traditional : x2/dof = 4.5/10 (light)

= derivative : x?/dof = 3.8/6 (light)
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Padé fits in light sector, low Q2 and systematics

T x [3=48x48% a=0.116fm M, = 150MeV 260conf. x 64meas.
Fitting function : f(x) = A-x.Pade[1,2](x) with x=@Q?

—~0.13
k4

cC

-0.135—

-0.14f- B /
ek /

-0.15p~

—— light - traditional

—— light - with derivative

A SOOI 0 D
aq

= traditional : x2/dof = 0.7/9 (light)

= derivative : x?/dof = 3.8/5 (light)
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Padé fits in light sector, low Q2 and systematics

T x [3=48x48% a=0.116fm M, = 150MeV 260conf. x 64meas.
Fitting function : f(x) = A-x.Pade[1,3](x) with x=Q?

—~0.13
k4

cC

-0.135—
-0.14]

0145

-0.15

00007005 D0ak Donb 6t S0t s i Gorb 2
aq

= traditional : x2/dof = 0.5/8 (light)

= derivative : x?/dof = 3.6/4 (light)
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Padé fits in light sector, low Q2 and systematics

T x [3=48x48% a=0.116fm M, = 150MeV 260conf. x 64meas.
Fitting function : f(x) = A-x.Pade[2,1](x) with x=@Q?

—~0.13
k4

cC

-0.135—
-0.14]

0145 —

—— light - traditional

-0.15p~

—— light - with derivative

A SOOI 0 D
aq

= traditional : x2/dof = 1.4/9 (light)

= derivative : x?/dof = 3.8/5 (light)
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Padé fits in light sector, low Q2 and systematics

T x [3=48x48% a=0.116fm M, = 150MeV 260conf. x 64meas.
Fitting function : f(x) = A-x.Pade[2,2](x) with x=@Q?

—~0.13
k4

cC

-0.135—
-0.14]

0145

-0.15

00007005 D00k Donb 6t S0t s Dorb 2
aq

= traditional : x2/dof = 0.5/8 (light)

= derivative : x?/dof = 3.5/4 (light)
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Padé fits in light sector, low Q2 and systematics

T x [3=48x48% a=0.116fm M, = 150MeV 260conf. x 64meas.
Fitting function : f(x) = A-x.Pade[2,3](x) with x=Q?

—~0.13
k4

cC

-0.135—
-0.14]

0145

—— light - traditional

-0.15

—— light - with derivative

A SOOI 0 D
aq

= traditional : x2/dof = 0.4/7 (light)

= derivative : x?/dof = 0.1/3 (light)
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Padé fits in light sector, low Q2 and systematics

T x [3=48x48% a=0.116fm M, = 150MeV 260conf. x 64meas.
Fitting function : f(x) = A-x.Pade[3,0](x) with x=Q?

—~0.13
o

-0.14]

0.145p=—

—— light - traditional

-0.15p~

—— light - with derivative

A SOOI 0 D
aq

= traditional : x2/dof = 7.5/9 (light)

= derivative : x?/dof = 2.3/5 (light)
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Padé fits in light sector, low Q2 and systematics

T x [3=48x48% a=0.116fm M, = 150MeV 260conf. x 64meas.
Fitting function : f(x) = A-x.Pade[3,1](x) with x=Q?

—~0.13
k4

cC

-0.135—

0145

—— light - traditional

-0.15p~

—— light - with derivative

A SOOI 0 D
aq

= traditional : x2/dof = 0.4/8 (light)

= derivative : x?/dof = 0.5/4 (light)
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Padé fits in light sector, low Q2 and systematics

T x [3=48x48% a=0.116fm M, = 150MeV 260conf. x 64meas.
Fitting function : f(x) = A-x.Pade[3,1](x) with x=Q?

—~0.13
k4

cC

-0.135—

-0.14

0145

-0.15p~

—— light - traditional

—— light - with derivative

= traditional : extrapolation

PP TP P PP PP PP PP P P
0 0.002 0.004 0.006 0.008 0.01 0.012 0.014 0.016 0.018 0,02

(aay’

= derivative : interpolation = slope in @> = 0 independant of the Padé
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Padé fits in light sector, low Q2 and systematics

T x 13 =48x48 a=0.116fm M, = 150MeV 260conf. x 64meas.
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Padé fits in light sector, low Q2 and systematics

T xL3=48x48% a=0.116fm M, = 150MeV 260conf. x 64meas.
= Restrict fits with bootstrap errors on the parameters less than 50 %.
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Padé fits in light sector, low Q2 and systematics

T xL3=48x48% a=0.116fm M, = 150MeV 260conf. x 64meas.
= Restrict fits with bootstrap errors on the parameters less than 50 %.

—
—m— 11(0) - wraditional —m— al[V" - traditional
—— ———
—-— o
— —_—
——— -
——— -
——— ———
——— —-—
——— ———
- —-—
——— —-—
1 1 1 1 1 1 1 1 =10
0.15 -0.148 -0.146 -0.144 -0.142 03 0.04 0.05 0.06 0.07 0.08 0.09 0.1
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Padé fits in light sector, low Q2 and systematics

T xL3=48x48% a=0.116fm M, = 150MeV 260conf. x 64meas.
= Restrict fits with bootstrap errors on the parameters less than 50 %.

—m— (0 - waditional —m— alV"L° _ rraditional

) arveLo

= Systematics related to the choice of the fit function are smaller

Rehan Malak Budapest-Marseille-Wuppertal Collaboration (g —2) " C



Padé fits in light sector, low Q2 and systematics

T xL3=48x48% a=0.116fm M, = 150MeV 260conf. x 64meas.
= Restrict fits with bootstrap errors on the parameters less than 50 %.

—m— (0 - waditional —m— alV"L° _ rraditional

2 L
= Systematics related to the choice of the fit function are smaller

=- Should now try to understand other sources of systematics. ..
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5 ) Conclusion
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onclusion

SM _ _EXP
° a; a,” = 3.60
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onclusion

° aﬁM — aEXP = 3.60
o Fermilab E989 = §°*Pa, — 6*Pa, /4

o Lattice QCD HVP computation can be done directly at physical
mass.

o Derivatives of M, (Q) can be used to provide information in low-Q?
region and reduce the systematics associated to the choice of the
fitting function.

@ Encouraging results ...

... but others sources of systematics have to be understood.

Thanks for your attention !
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